Abstract. We show that the Hopf algebra A over any field k representing the affine group scheme SL(2, ) is not a free B-module for some sub-Hopf algebra B of A. In particular k can be algebraically closed, or of characteristic 0 in which case A is also cosemisimple.
Introduction. Let G be a finite group and suppose that H is a subgroup of G. If k is a field, then Lagrange's theorem can be formulated in terms of the group algebra k[G], namely k[G] is a free (left) k[H]-module. An obvious Hopf algebra analog would be the following: If A is a Hopf algebra over a field k and B is a sub-Hopf algebra of A, then A is a free (left) 5-module. This is not generally true; there exist commutative cocommutative counterexamples over certain nonalgebraically closed fields [1] . By the theorem of [3] , the field of definition of a cocommutative counterexample can never be algebraically closed.
In this paper we show that the Hopf algebra A over a field k representing the affine group scheme SL(2, ) is a finitely generated 5-module which is not free for some sub-Hopf algebra B of A. In particular, k can be algebraically closed. In characteristic 0 observe that A is cosemisimple [7] . Our proof is very elementary and reduces to simple computations in the polynomial ring k [X] .
It should be noted that a commutative Hopf algebra A over a field k is always a faithfully flat and projective A-module for any sub-Hopf algebra B [5, Theorem 3.1] and [6, Corollary 1] , and if B is finite-dimensional then A is a free A-module [3, Theorem 1] . For further results on the analog of Lagrange's theorem the reader is referred to [2] , [3] , [5] , [6] .
The main result. Let k be a field and n > 1 a fixed integer. Let C be the vector space with basis of symbols Xy, 1 < i,j < n. Then C is a coalgebra where AXy = 2* A",* 0 Xkj and e(Xy) = 8y for all i,j. The coalgebra structure on C extends uniquely to a bialgebra structure on the symmetric algebra S(C) of C. It is well known that the determinant form d = 2,asgn(o)XXaW-... -X^^ satisfies Ad = d ® d, and the quotient A = S(C)/(d -1) has a Hopf algebra structure. It is easily seen that A represents SL(n, ). For the remainder of this paper we let n = 2.
Theorem. Let k be any field and A = (C) be as above. If B = (C2) is the subalgebra generated by C2, then B is a sub-Hopf algebra, and A is a finitely generated B-module which is not free.
Proof. C" is a subcoalgebra for n > 1, so B = k + C2 + C4 + is a sub-bialgebra. If s is the antipode of A then s(C) c C, so B is in fact a sub-Hopf algebra. It is clear that k + C generates A = k + C+C2+C3+... We first show that A has rank 2 by showing dim M/JM = 1. Since e(xxx) = e(x22) = 1 and e(xx2) = e(x2x) = 0 (small case letters denote cosets of A = S(C)/I), and A/ is spanned by cosets represented by monomials of odd degree, M/JM is spanned by xxx, xX2, x2X, and x22. Now multiplying the equation xxxx22 -xX2x2x = 1 by xxx, xX2, and x2x respectively, we deduce that xxx-x22, xX2, x2X G JM. First note that since p E k implies p = 0, by (b') we deduce that q ^ 0. Let a E k \ 0 be such that q(X, a) ¥= 0. By virtue of (a') and (b') we have p\q"(XY + 1) and q\p". By (a) aX + 1 does not divide p(X, a), so we conclude that p(X, a)\q"(X, a). Write p"(X, a) = q(X, a)u and q"(X, a) = p(X, a)v where u, v E k[X]. Then by (a') we calculate p(X, a)q(X, a)(« + v(aX + 1)) = 0. Since p(X, a) ¥= 0 by (a) we have u + v(aX + 1) = 0. Therefore by (b') we have p(X, afv -q(X, a)2v(aX + 1) = 1, or (4)p(X, a)2 -q(X, a)2(aX + I) E k. But this last equation is not possible since p(x, a)2 has even degree and q(X, a)2(aX + 1) has odd degree. This proves (3) , and the proof of the theorem is complete.
